
Phonon-phonon interactions in crystals: 
everything old is new again

David G. Cahill 
Dongyao Li and Qiye Zheng

Department of Materials Science and Engineering,
Department of Physics, and Materials Research Laboratory,

University of Illinois at Urbana-Champaign

Special thanks to collaborators: Chunhua Li, Navaneetha 
Ravichandran, and Prof. David Broido (Boston College);

Sheng Li and Prof. Bing Lv (UT Dallas)

…and funding from ARPA-E and ONR MURI on “Ultrahigh thermal 
conductivity materials”

1



Outline

• Search for high thermal conductivity crystals (Peierls, 1929)
– Suppression of phonon scattering by changes in phonon 

dispersion. Four phonon scattering in BAs (Science 2018) and GaN
(Phys Rev Mat 2019)

• Limits to coherence of GHz acoustic waves (Akheiser, 1939)
– 7 GHz frequency surface acoustic waves in Si (Phys Rev B 2016)

• Coherent transport of heat: second sound (Guyer and 
Krumhansl, 1966)
– graphite second sound  (Science 2019, work by colleagues at MIT)
– Is phonon hydrodynamics important for understanding 

management of heat at micron length scales?
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Thermal transport coefficients

• Thermal conductance (per unit area) G is a 
property of an interface

• Thermal conductivity Λ is a property of the 
continuum
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Thermal conductivities of dense solids span a range of 40,000 at 
room temperature

Adapted from Goodson, Science (2007)
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PCBM (2013)

Zylon (2013)

BAs (2018)



I. Phonon mean-free-paths are limited by anharmonicity (high 
temperature), boundaries (low temperatures), and defects

Cahill and Pohl, Ann Rev Phys Chem (1988)

Graphical construction for phonon-phonon 
scattering, Umklapp and normal, following 
Peierls (1929)



New (past decade) capabilities for calculations of thermal 
conductivity of crystals from 1st principles

6



New (past 15+ years) capabilities for thermal conductivity 
measurement: time-domain thermoreflectance (TDTR)



TDTR received the 2018 Innovation in Materials Characterization 
Award from the Materials Research Society

Clone built at Fraunhofer 
Institute for Physical 
Measurement, Jan. 7-8 2008

Excellent tutorial by Ronggui Yang’s group at U. Colorado, JAP (2018)  

Dozens of similar instruments in 
use world-wide for studying 
thermal transport

Google scholar citation count in March 2019
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Thermal conductivity of BAs is limited 
by four-phonon scattering
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Li, Zheng et al., Science (2018)



Still working on better control of crystal quality.  Example of inverse 
correlation between Raman background and thermal conductivity

1 nm

Li, Zheng et al., Science (2018)

Measurements of 30 BAs crystals by Qiye Zheng



Maps of thermal conductivity and Raman background shows that 
the best crystals are spatially uniform

1 nm

Optical micrograph Thermal conductivity Raman background
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Is BAs unique in regards to the importance of four-phonon scattering?

Consider this set of 8 crystals:
• BAs, GaN,  (GeC doesn’t exist)
• BP, SiC, AlN
• cubic-BN, diamond
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GaN

Four-phonon scattering is important in GaN at high temperatures

Zheng et al., Phys Rev Mat (2019)

1st principles calculation 
limited to 3-phonon+defect 
scattering



BP
SiC

3-phonon scattering accurately describes the thermal conductivity of BP and 
SiC at elevated temperatures 

Zheng et al., Phys Rev Mat (2019)Zheng et al., Adv Func Mat (2018)

SiCBP



II. Akheiser mechanism for acoustic attenuation is the interaction 
of the sound wave with the thermal bath of phonons
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attenuation coefficient 

phonon relaxation timeheat capacity

mass density; sound velocity mode Grüneisen parameter

low frequency limit

write in terms of 
phonon viscosity η

2
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Acoustic filters are a key technology in rf signal processing: 4G at 
≈2 GHz and 5G at ∼20 GHz
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bulk acoustic wave (BAW) filter

DeLisle, Microwaves & RF (2014)

AlN

SiO2/W



Summary of prior work on Si. Phonon viscosity is a tensor with 
three components in a cubic crystal
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Li and Cahill, PRB (2018)



700 nm period, 10 nm thick, Al metal grating fabricated by nanoimprint 
lithography
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-15 nm psSAWv λ
= ≈

Γ

Li and Cahill, PRB (2018)

grating wavelength, 700 nm

period of surface acoustic wave, 140 ps



Measure signal after SAW propagates  ≈150 μm (29 ns)
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Probe displaced 10 μm 
from the pump

Probe displaced 150 μm 
from the pump

Li and Cahill, PRB (2018)



Need to take into account damping by the metal grating, 
acoustic diffraction, and phonon focusing 
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Fit to the data gives the average relaxation time of thermal phonons 
and the rms deviation of the mode mode Grüneisen parameter  

30 psτ =



III: Normal phonon scattering conserves momentum and produces 
phonon hydrodynamics

21Cahill and Pohl, Ann Rev Phys Chem (1988)



Growth of high purity NaF crystals was critical. NaF is naturally 
isotopically pure. McNelly et al., PRL (1970)
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https://www.youtube.com/watch?v=NzhwH0J3b7c 

R. O. Pohl

T. F. McNelly

heat pulse traces

ballistic 

diffusive 

second sound



Second sound can also be studied in the spatial frequency 
domain: “forced thermal scattering” or “transient thermal grating”

23D. Pohl and V. Irniger, PRL (1976)

Interfering CO2 laser beams

Umklapp mean-free-path

resistive mean-free-path

second sound wavelength
300 microns

normal mean-free-path



Fast forward 43 years. Transient thermal grating experiments on graphite, 
Nelson and Chen groups at MIT
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second sound wavelength 
∼3 μm

Huberman et al., Science (2019)



Extensions of Peierls-Boltzmann by Marzari and co-workers
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Take home messages

• Search for high thermal conductivity crystals (Peierls, 1929)
– Exciting time for the interplay between theory and experiment in 

the thermal conductivity of crystals.
• Limits to coherence of GHz acoustic waves (Akheiser, 1939)

– Phonon relaxation times becomes important at GHz frequencies. 
Potential for significant advances in theory and experiment; and 
engineering of materials for long coherence times. 

• Coherent transport of heat: second sound (Guyer and 
Krumhansl, 1966)
– Observation of second sound by Nelson and Chen at T>100 K in 

graphite.  Importance of coherent transport of heat in thermal 
management is an active area of study.
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